Recently, Edo-Poloni constructed a family of tame automorphisms of a polynomial ring in three variables which degenerates to a wild one. In this note, we generalize the example by a different method.
Introduction
For each commutative ring R, let R[x] = R[x 1 , . . . , x n ] be the polynomial ring in n variables over R, and GA n (R) the automorphism group of the Ralgebra R [x] . We express φ ∈ GA n (R) as (φ(x 1 ), . . . , φ(x n )) ∈ R [x] n . We say that φ ∈ GA n (R) is affine if the total degrees of φ(x 1 ), . . . , φ(x n ) are equal to one, triangular if φ(x i ) belongs to R * x i + R[x 1 , . . . , x i−1 ] for each i, and elementary if there exist 1 ≤ l ≤ n and q ∈ R[{x i | i = l}] such that φ(x l ) = x l + q and φ(x i ) = x i for i = l. Let TA n (R) be the subgroup of GA n (R) generated by affine automorphisms and triangular automorphisms. We say that φ ∈ GA n (R) is tame if φ belongs to TA n (R), and wild otherwise. If K is a field, then TA 2 (K) is equal to GA 2 (K) by Jung [4] and van der Kulk [5] . In 2004, Shestakov-Umirbaev [8] showed that the same does not hold when char K = 0 and n = 3. Today, a number of elements of GA 3 (K) are known to be wild thanks to the Shestakov-Umirbaev theory and its modification [6] .
Recently, Edo-Poloni [1, §4] constructed φ ∈ GA 3 (C[t]) with the following properties, where t is a variable, and (x 1 , x 2 , x 3 ) = (z, y, x) in their notation: Here, for each α ∈ C, let φ α be the automorphism of
induced by φ. From (A), it follows that φ α is tame if α = 0. Thus, a wild automorphism is obtained as a "limit" of tame automorphisms. Using this example, Edo-Poloni [1, Cor. 4.3] concluded that TA 3 (C) is not closed in the ind-group GA 3 (C). The purpose of this note is to generalize Edo-Poloni's example by a different method. From our construction, we easily see why such a phenomenon occurs.
The first version of this note was written for a discussion at Saitama University in 2014. Thanks are due to the participants, especially to Prof. E. Edo for introducing this topic, and to Prof. A. Dubouloz for the suggestion of generalizing R which was originally a multivariate polynomial ring.
Construction
Let R be any commutative Q-algebra, and δ a triangular R-derivation of
. For each p ∈ Spec R, let φ p be the element of GA n (κ(p)) induced by φ, where κ(p) is the residue field of the localization R p . We consider when φ p is tame. First, recall that, when n = 3, R is a field and f 1 = 0, we have φ ∈ TA 3 (R) if and only if Theorem 1. Assume that n = 3 and f 1 ∈ p. Then, φ p is wild if and only if
To discuss the case where f 1 ∈ p, assume that f 1 is not a nilpotent element of R, and let R ′ be the localization R f 1 . Since no confusion arises, we use the letter φ to denote the element of GA n (R ′ ) induced by φ, and δ to denote the derivation of R ′ [x] induced by δ, whose kernel is denoted by
δ . In this situation, there exists a triangular automorphism τ = (
Actually, since δ(
is a homomorphism of R ′ -algebras satisfying σ(
δ and σ(x 1 ) = 0 (cf. e.g. [2, 1.3.21 and 1.3.23]). Now, let p ∈ R ′ [x 2 , . . . , x n ] be such that
and so φ = τ • ǫ • τ −1 . Therefore, the following theorem holds for any n.
It is interesting to note that the extensionφ ∈ GA n+1 (R) of φ defined bỹ φ(x n+1 ) = x n+1 is tame by Smith [9] . In fact, letδ be the extension of δ to R[x 1 , . . . , x n+1 ] defined byδ(x n+1 ) = 0, and γ the elementary automorphism (x 1 , . . . , x n , x n+1 + h). Then, ρ := exp x n+1δ is tame andφ = γ
Observe that δ kills
and that τ : 
. Since the monomial x 2l+1 1 x 3 appears in h, the minimal integer r for which t r h belongs to
. This is a contradiction. Thus, we get r = 0, and so h ′ = h| t=0 = x 2l+1 1
2 , proving the claim.
Note: Recall that the length λ(θ) of a tame automorphism θ is by definition the minimal number of triangular automorphisms needed to express θ together with affine automorphisms. Due to Furter [3] , λ is a lower semicontinuous function on GA 2 (C) = TA 2 (C). So, if ψ ∈ GA 2 (C[t]) and l ≥ 0 are such that λ(ψ α ) ≤ l for all α ∈ C * , then we have λ(ψ 0 ) ≤ l. EdoPoloni [1, §1] remarked that this fails if n = 3 because of their example. Edo raised a question whether there exists a counterexample in which ψ 0 is also tame. We claim that the answer is yes if n = 4: Let ψ ∈ GA 4 (C[t]) be the extension of the above φ defined by ψ(x 4 ) = x 4 . Then, we have λ(ψ α ) ≤ 3 for all α ∈ C * , while λ(ψ 0 ) ≤ 4 by Smith [9] . Moreover, we can show that λ(ψ 0 ) is in fact equal to four (the details will appear in a future paper).
